Boundary layers on stationary and rotating disks have received much attention since von Kármán's ͓Z. Angew. Math. Mech. 1, 233 ͑1921͔͒ and Bödewadt's ͓Z. Angew. Math. Mech. 20, 241 ͑1940͔͒ studies of the cases with disks of infinite radius. Theoretical treatments have focused on similarity treatments leading to conflicting ideas about existence and uniqueness, and where self-similar solutions exist, whether they are physically realizable. The coupling between the boundary layer flows and the interior flow between them, while being of practical importance in a variety of situations such as turbomachinery and ocean circulations, is not well understood. Here, a numerical treatment of the axisymmetric Navier-Stokes equations, together with some experiments for the case of finite stationary and rotating disks bounded by a co-rotating sidewall is presented. We show that in the long time limit, solutions are steady and essentially self-similar. Yet the transients are not. In particular, axisymmetric waves propagate in the stationary disk boundary layer when the vortex lines entering the boundary layer develop inflection points, and there are subsequent eruptions of vortical flow out of the boundary layer deep into the interior at large Reynolds numbers.
I. INTRODUCTION
The problem of laminar flow between two parallel disks has attracted much attention over the years. This attention stems from both practical, e.g., ocean circulation models and turbomachinery applications, and theoretical interests, e.g., exact solutions of the Navier-Stokes equations in certain geometric limiting cases. The literature is very extensive, and that referred to here is by no means exhaustive. Rott and Lewellen 1 review some of the outstanding issues at that time. Theoretical work on this class of flows has been performed mainly in the framework of similarity solutions. As noted by Durlofsky and Brady, 2 the assumption of selfsimilarity to reduce the Navier-Stokes equations from partial differential equations to ordinary differential equations greatly simplifies the analysis, but there is no assurance as to whether the solutions are physically realizable. Within the self-similar framework, flow domains are often unbounded and the solutions possess singularities at infinity or the origin. While it is generally accepted that similarity solutions are capable of providing a local description of some flow, their stability to non-self-similar perturbations is not addressed. Further, the existence or uniqueness of solutions to the similarity equations needs careful interpretation.
The problem to be addressed here is the flow between two finite disks, one rotating at constant angular speed ⍀ and the other at rest. The disks are separated a distance H apart. The horizontal extent of our problem remains to be addressed. In theoretical treatments of this problem, it has been customary to consider disks of infinite extent, 3, 4 employing a similarity treatment. More recently, the question of existence and uniqueness of solutions in the similarity formulation has been raised. 5, 6 The question as to the behavior of the flow between the two disks and in particular near the stationary disk as the speed of the rotating disk approaches infinity has not been satisfactorily addressed in this formulation and a long running difference of opinion concerning the nature of the flow between the two disks at finite radii continues. On the one hand, Batchelor 3 argues that boundary layers form on both disks, with the interior fluid rotating, whereas Stewartson 4 argues that a boundary layer forms only on the rotating disk, with the interior being essentially stationary. The difference of opinions may in part be related to the fact that the similarity formulation does not address the question of where the vortex lines terminate. All the vortex lines in this problem emanate from the rotating disk, and cannot terminate on the stationary disk nor in the fluid interior. Here, we do not attempt to address the issue of where the vortex lines in a radially unbounded flow between disks of infinite radius terminate. Instead, we consider the question of whether the similarity solutions are locally useful in describing the flow between finite disks. Self-similar treatments of this problem 7, 8 are also inconclusive as they do not address where the vortex lines terminate. Some progress can be made by enclosing the disks, of finite radius R, by a cylindrical shroud also of radius R, as suggested by Rott and Lewellen. 1 The two simplest situations are for the cylindrical shroud, or sidewall, to either remain stationary or to co-rotate with the rotating disk. The two cases result in very different flows, and this can be traced to the difference in where the vortex lines terminate. In the stationary sidewall case, they terminate at the singularity where the edge of the rotating disk meets the stationary sidewall, whereas for the co-rotating sidewall case, they terminate at the singularity where the edge of the stationary disk meets the sidewall.
Of particular interest in these flows is how the boundary layers of the two disks couple with the interior flow. In these finite systems governed by the axisymmetric Navier-Stokes equations, do stable steady solutions exist that can at least locally be described by the similarity solutions? Further, is there ''detailed matching'' between the vertical outflow from the stationary disk boundary layer and the vertical inflow into the rotating disk boundary layer, i.e., does the axial velocity out of one boundary layer match the axial velocity into the other boundary layer at every radial location?
For certain initial conditions, the two cases locally behave, at least for early times, as described by the semiinfinite flows corresponding to von Kármán 9 and Bödewadt. 10 In particular, for the stationary sidewall with the flow initially at rest, the flow near the rotating disk behaves very much like von Kármán's flow. However, in this finite shrouded case, there is no detailed matching between the two disk boundary layers, and the interior flow adjustment required to match the flow into and out of the disk boundary layers typically results in a flow far from geostrophic balance. In fact, recirculation zones develop on the axis and unsteady flow is also observed. This case has been studied extensively, [11] [12] [13] [14] and will not be discussed further here. When the initial condition is a rotating cylinder with the fluid in solid body rotation and the top endwall is impulsively stopped, the flow in the neighborhood of the top stationary disk is of Bödewadt form. Moore, 15 Schwiderski and Lugt, 16 Greenspan, 17 amongst others, suggest that the similarity solution of Bödewadt will not be realized as they expect the boundary layer to separate from the disk at some distance from the origin. However, this conjecture is questioned by Rott and Lewellen 18,1 who look at the shrouded flow with a stationary top and rotating side and bottom. They treat the disk boundary layers in a self-similar fashion and seek detailed matching between the vertical velocities entering and leaving the disk boundary layers. In this way, they derive an approximate equation for the angular momentum, ⌫ϭrv, where v is the azimuthal component of velocity, halfway between the two disks. Their expression for ⌫ compares very well ͓Fig. 3 ͑Ref. 18͒ and Fig. 7 21 look at the unsteady development of the Bödewadt layer in finite and infinite disks with solid body rotation far from the disks and conclude that the Bödewadt similarity solution exists. However, no stability analysis to non-self-similar perturbations ͑e.g., r-dependent perturbations͒ are considered. Savaş, 22, 23 in an attempt to investigate the stability of the Bödewadt solution, conducted experiments where the fluid inside a circular cylinder was initially in solid body rotation. Following an impulsive stop of the cylinder, the flow in the interior remains in solid body rotation for some time and the flow near the endwalls behaves locally like that corresponding to Bödewadt flow. He observed that for ReϾ2.5ϫ10 3 axisymmetric waves develop in the endwall boundary layers and propagate radially inwards, thus destroying their selfsimilar nature.
Lopez and Weidman 24 further investigated the impulsive spin-down in a cylinder in order to better understand the structure of the endwall boundary layers, in particular, the nature and origin of the circular waves. They determined that they are a mode of instability of the Bödewadt type flow near the stationary endwall, as suggested by Savaş. 23 By also conducting numerical experiments where only the endwalls were impulsively stopped while the sidewall continued to rotate, the effects of the centrifugal instability of the sidewall layer were isolated. They showed that the onset of circular endwall waves was not influenced by the presence of the sidewall, but is a local response to the structure of the boundary layers. However, due to the confined nature of the flow, the secondary meridional circulation tends to advect the vortex lines out towards the sidewall, and so the rotation of the interior could not be maintained.
Here, a further modification to the spin-down flow is considered. The modification is designed to keep the interior vortex lines, in the long time limit, as close as possible to a configuration corresponding to solid body rotation. This is done by maintaining the constant rotation of both the sidewall and the bottom endwall, following an impulsive stopping of the top endwall. In this way, the vortex lines emanate from the rotating endwall and are anchored to it for all time. Of course, the Ekman-like boundary layer flow on the rotating endwall sweeps the vortex lines radially outwards, but they remain anchored to the rotating disk, unlike the case considered by Lopez and Weidman 24 where the vortex lines were anchored to the corners between the stationary endwalls and the rotating sidewall. The resultant flow in the present investigation is much closer to the idealized flow of Bödewadt in the semi-infinite domain, and may be as close as possible to it in a physically realizable finite domain.
Pao 25 has also studied this flow using the axisymmetric Navier-Stokes equations. However, for Reу1000 he was only able to follow the evolution from an initial state of solid body rotation for about three or four radians of time following the impulsive stop, and hence missed the development of the circular waves in the stationary endwall boundary layer and the characteristics of the flow at steady state.
In the following section, Sec. II, the governing equations and the numerical technique for their solution are outlined. The results for a shrouded pair of disks where their separation is equal to their radius are presented in Sec. III. The results cover a large dynamical range, from Reϭ0 ͑Stokes flow͒ to Reϭ10 5 . For this range of Re, starting from a state of solid body rotation, and impulsively stopping the top endwall, our time-dependent computations evolve to a steady state, and the steady states for ReϾ10 3 have many of the features of suggested by the similarity solutions. The transients however do not, and for ReϾ10 3 , the stationary endwall boundary layer supports inward propagating circular waves. For ReϳO (10 5 ), these circular waves become very nonlinear, and lead to vortical eruptions out of the boundary layer region deep into the interior.
II. GOVERNING EQUATIONS
The equations governing the flow are the axisymmetric Navier-Stokes equations, together with the continuity equation and appropriate boundary and initial conditions. It is convenient to write these using a cylindrical polar coordinate system (r,,z), relative to a stationary observer with the origin at the center of the bottom disk and the positive z axial direction being towards the top disk. For axisymmetric flow, there exists a Stokes streamfunction and the velocity vector in cylindrical polars is
͑1͒
Subscripts denote partial differentiation with respect to the subscript variable. This form of the velocity automatically satisfies the continuity equation. It is also convenient to introduce a new variable, the angular momentum ⌫ϭrv. ⌫ is proportional to the circulation and plays the role of a streamfunction for the meridional vorticity field. 26 In other words, contours of ⌫ in a meridional plane are cross-sections of vortex surfaces ͑vortex lines͒, just as contours of are crosssections of streamsurfaces ͑streamlines͒. These give the local direction of the vorticity and velocity vectors in the plane, respectively, and the azimuthal components of the vectors give the degree to which the vectors are directed out of the plane. The vorticity field corresponding to ͑1͒ is
The axisymmetric Navier-Stokes equations, in terms of , ⌫, and , are
and D͑/r ͒ϭ 1
where ٌ * 2 ϭϪr, ͑4͒
and Reϭ⍀R 2 /. The length scale is the radius of the cylinder R and the time scale is 1/⍀. The other governing nondimensional parameter is the cylinder aspect ratio H/R, H being the cylinder height.
The boundary conditions are:
͑1͒ on the axis, rϭ0, we have ϭ0, ϭ0, and ⌫ϭ0; ͑2͒ on the rotating sidewall, rϭ1, we have ϭ0, ϭϪ rr , and ⌫ϭ1; ͑3͒ on the stationary top endwall, zϭ1, we have ϭ0, ϭϪ zz /r, and ⌫ϭ0;
͑4͒ on the rotating bottom endwall, zϭ0, we have ϭ0, ϭϪ zz /r, and ⌫ϭr 2 .
A. Computational technique
The governing equations are discretized using secondorder centered differences to approximate all spatial derivatives. A non-uniform grid is used to resolve the thin endwall boundary layers. The grid is stretched in the axial direction by
where z j Јϭ( jϪ1)/(nzϪ1) for jϭ1→nz, and employs uniform spacing in the radial direction. All the results presented have bϭ0.1. Time integration employs an explicit second-order predictor-corrector scheme. The elliptic equation ͑4͒ is solved using generalized cyclic reduction, and second-order one-sided differences are used to discretize the derivative boundary conditions.
Further details of the computational technique are given in Lopez and Weidman.
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III. RESULTS
In this section, we show a continuous branch of steady solutions from Reϭ0 to Reϭ10 5 . This does not imply, by any means, the uniqueness of these solutions. However, they are stable to time-dependent axisymmetric perturbations. Some preliminary experiments at ReϷ1.1ϫ10 4 , conducted by Kittleman and Weidman using Hart's facility, were reported earlier, 27 and show that the waves in the stationary endwall layer remain axisymmetric. Snap-shots of the development of the flow in the stationary endwall boundary layer are presented in Fig. 1 . The experiment consisted of a circular cylinder of radius 23.2 cm and height 19.3 cm, completely filled with water, and Kalliroscope flakes were used for visualizing the flow. The water temperature was Ϸ24°C. Initially, the fluid was in solid body rotation with the cylinder, then at tϭ0, the top endwall ͑made of Plexiglas͒ was stopped. The snap-shots correspond to non-dimensional times 2.0рtр12.0, where the time scale used is the rotation rate of the cylinder ⍀ϭ0.226 rad s Ϫ1 . The experiment was conducted to see if the flow produced the axisymmetric waves in the neighborhood of parameter space of interest, and the results are included here to qualitatively show this to be the case.
More detailed experiments and three-dimensional computations are planned to further investigate the stability of these solutions to non-axisymmetric perturbations, especially for larger Re.
A. The steady solutions
We begin by examining the solutions once a steady state has been reached. In the following subsection, the transients associated with the higher (Ͼ10 3 ) Re cases will be discussed.
The Stokes problem (Reϭ0) can be solved analytically. Pao 25 and Khalili and Rath 28 provide the unique solution for this case ͑Khalili and Rath 28 also provide analytic solutions when each endwall and the sidewall rotate at different constant speeds͒ in terms of an infinite series of Bessel and trigonometric functions. Figure 12 in Pao 25 is a contour plot of ⌫ ͑the vortex lines͒ in a meridional plane. Here (Reϭ0), the concept of a boundary layer does not make sense, but we see that we have a non-trivial flow that approaches solid body rotation as the distance from the station- ary disk is increased. This is a finite radius disk version of the Bödewadt flow situation. For non-zero Re, we solve the governing equations numerically. In all cases, we solve the initial value problem with solid body rotation as the initial condition, and the top endwall is impulsively stopped at tϭ0. The computed solution for ⌫ at Reϭ1 is virtually indistinguishable from the Reϭ0 solution presented in Pao. 25 The form of the singularity at the junction between the rotating sidewall and the stationary endwall is independent of Re. In comparing our computations with the analytic solution, we see that the computations have no difficulty in resolving this singularity. Figure 2 gives the numerical solutions, at steady state, for a range of Re as indicated. The spatial and temporal resolutions used in each case are given in Table I . These indicate that for ReϽ10, the flow is in the Stokes flow limit, where ⌫ is independent of Re, , and ; and and scale with
Re.
For Reу10 3 , the computed flows at steady state show distinct features of boundary layers on both the stationary and rotating disks. The boundary layer on the stationary disk has the characteristic spatial oscillations associated with the Bödewadt solution, and that on the rotating disk is characteristic of the extension of the von Kármán solution to the case when the outer flow is rotating at a slower rate. 29 Note the spatial oscillations in the vortex lines (⌫) near the rotating disk.
For Reу10 3 and rϽ0.5, the flow is virtually independent of z outside of the boundary layers and has Ϸ0. ͑Note that the contours are non-uniformly spaced, with more contour intervals concentrated near zero, as detailed in the figure captions.͒ These features indicate that these flows, at steady state, should be well described by the similarity solutions ͑cf. Rogers and Lance 7 ͒. Rott and Lewellen 1 consider the question of detailed matching for the flow between a stationary and a rotating disk enclosed by a co-rotating sidewall. Using a simple implementation of the momentum-integral method, they derived an expression for the angular momentum (⌫) distribution of the interior flow which will permit a detailed matching between the two disk boundary layers, which they assumed to be laminar. The computed solutions shown in Fig. 2 4 . The comparison between theory based on laminar detailed matching, experiment, and computations of the axisymmetric Navier-Stokes equations shows very good agreement. This suggests that the flow between a stationary and a rotating disk, shrouded by a co-rotating sidewall, can be described by a self-similar formulation at steady state.
In . This would all suggest that the story is over. However, all we have so far is that when the flow has reached steady state, then a self-similar treatment is valid and that there is detailed matching between the disk boundary layers, except in the neighborhood of the sidewall. In many cases however, 
B. Transients following the impulsive stop
The transient flow following the impulsive stopping of the top endwall is virtually indistinguishable, for early times (tϽ10), from that in the top half of a cylinder initially in solid body rotation following an impulsive stopping of both its endwalls. In turn, Lopez and Weidman 24 demonstrate that flow is indistinguishable from the impulsive stopping of the entire cylinder for early times, except in the immediate vicinity of the sidewall. In particular, in the present flow for ReϾ10 3 , we observe the development of axisymmetric waves in the stationary disk boundary layer. Figure 5͑a͒ shows the temporal development of these waves in the Reϭ10 4 , H/Rϭ1 case. The corresponding cases considered in Lopez and Weidman 24 have H/Rϭ2, and their Fig. 3 gives the early time development of the waves. Comparing those with Fig. 5͑a͒ one sees that the transient flow in all three cases, which for very early times corresponds to solid body rotation meeting a stationary endwall, does not remain self-similar, losing self-similarity to these axisymmetric waves.
For Re up to O(10 4 ), we find that the axisymmetric waves are confined to the boundary layer region, that they travel radially inwards, and within a few rotation times (tϳ15), the boundary layer no longer supports them. The space-time diagrams in Fig. 6 give a good indication of the longevity of the waves, as well as their speed. The figure consists of contours of on the top endwall ͑Bödewadt͒, the sidewall, and the bottom endwall ͑Ekman͒. The horizontal direction is time, from 0 to 60, and the vertical is space, starting from the axis on the bottom rotating endwall, going out to its edge then up the sidewall, and then in along the stationary endwall to the axis. For Reϭ10 4 , the waves are present only in the boundary layer. They have maximum amplitude at about the axial location corresponding to the first inflection point in the axial variation of ⌫ ͑the vortex lines͒ and in the neighborhood of rϭ0.5. This is where the axial gradients in ⌫ are greatest, and hence where the turning of axial vorticity into the azimuthal direction via the (⌫ 2 /r 4 ) z term in ͑3͒ is greatest. At this Re there is no ''separation'' of the boundary layer and the waves decay smoothly as they approach the axis. The decay of the waves as r→0 is possibly due to the axisymmetric constraint that the axis is both a streamline and a vortex line, thus the flow is ''straightened out'' as it approaches rϭ0. The result is that near rϭ0, there are no inflection points in ⌫ or to support the waves ͑see Fig. 2͒ . The deceleration of the waves as they approach rϭ0 is very distinct in the space-time plots ͑Fig. 6͒.
As Re is increased, the waves behave more nonlinearly. At Reϭ2ϫ10 4 , the space-time plot ͑Fig. 6͒ shows evidence of successive waves pairing at rϷ0.5. This is most evident during the active times 5ϽtϽ10, where the track of every second wave ''disappears'' following the merger with the preceding wave. The deceleration of the waves as they propagate inwards, together with the increased frequency ͑non-dimensional͒ with which they are produced at higher Re ͑see Fig. 6͒ , are the primary reasons for the pairing of successive waves. The nonlinear behavior of the waves is much greater at Reϭ10 5 . Here, not only is there merger between successive waves, but there are also ''back waves'' which travel radially outwards essentially on the second inflection point in the axial variation of ⌫ ͑of course, this is difficult to see as the vortex lines are greatly affected by these waves, however an animation of the solutions is indicative of this behavior͒. These back waves have azimuthal vorticity of the opposite sign to the first waves identified ͑cor-responding to the change in sign of ⌫ z ), and at Reϭ10 5 , Fig.  5͑b͒ shows at tϭ6 the pairing up of a forward and a back wave to form a dipole like structure which erupts out of the 3 , respectively, with iϭ1→20. For all plots, max()ϭ100 and min()ϭϪ100. boundary layer. It is highly unlikely that these structure are stable to non-axisymmetric perturbations, but they are of interest as there are still unexplained occurrences of boundary layer eruptions in rotating flows. 30 Schwiderski and Lugt 16 conjecture that the Bödewadt flows are unstable due to an inflection point instability. They find that inflection points in the velocity profiles are present for ⍀(␣ϩ1/␤) 2 /у9, where ␣ is the thickness of the boundary layer and 1/␤ is twice the radius of curvature of the boundary layer at the axis of rotation. The radius of curvature of the boundary layer can be determined from the zero contour of in the boundary layer. The curvature is quite pronounced at low Re, is non-uniform with r, and decreases with Re, as indicated in Fig. 2 . They 16 expect boundary layer separation to result. We have not made any serious attempt to convert their Reynolds number based on the characteristic thickness of the boundary layer to our Reynolds number based on the radius of the cylinder, however, it is reasonable that their value of 9 corresponds to our Reϳ10 3 , where inflection points just begin to be evident ͑e.g., Figs. 2 and 4͒ . In contrast to their expectations, we do not find anything like boundary layer separations until Re is a couple of orders of magnitude larger than that at which inflection points first appear. Further, for Reϳ10 4 the inflection point leads to waves ͑Fig. 5͒, but there is no boundary layer separation in the usual sense. In summary, we agree with Schwiderski and Lugt 16 that when an inflection point develops in the Bödewadt layer, it is unstable in that it loses its self-similar form due to the growth of axisymmetric waves, however their conjecture that this also leads to boundary layer separation is not supported by our computations. We also find that a re-adjustment of the flow through interactions between the primary and the secondary flow serves to damp out the waves and the final steady state, even for Reϭ10 5 , consists of a boundary layer with inflection points and is reasonably well described in self-similar terms. The non-linear interaction between the primary and the secondary flows leads to a re-distribution of the vortex lines away from solid body rotation to another rotating flow which is essentially independent of the axial direction in the interior and has a radial distribution close to that derived by Rott and Lewellen. 1 For larger Re it takes a very long time ͓tϳO(10 3 )͔ to reach this steady state and the flow is very sensitive to small changes. In the following subsection we consider the sensitivity of the steady solutions to small changes in rotation rates.
C. Transients following low Rossby number changes
The steady flow is more sensitive at higher Re, as would be expected. However, here we shall illustrate the sensitivity of a moderate Reϭ10 4 solution to small changes in the rotation rate of the lower disk and sidewall, i.e., small changes in Re. These changes are measured in terms of a Rossby number Ro, where 3 , respectively, with iϭ1→20. For all plots, max()ϭ100 and min()ϭϪ100.
IV. CONCLUSIONS
The Bödewadt type flow in a finite rotating cylinder, where solid body rotation meets a stationary endwall following an impulsive stop of the endwall, is unstable to axisymmetric waves once Re is large enough for inflection points in the vortex lines (⌫) to develop in the axial direction. However, in the long time limit this confined flow does not have ⌫ ϰ r 2 in the interior. The resultant radial distribution of ⌫ essentially allows for detailed matching between the boundary layers ͑except in the immediate vicinity of the sidewall͒ and leads to boundary layer structures that are essentially self-similar. Neither the rotating nor the stationary endwall layers correspond directly to von Kármán's or Bödewadt's solutions, but they are of these types. The flow in the interior is neither solid body rotation ͑as needed for Bödewadt flow͒ or rest ͑as needed for von Kármán flow͒, but instead is given by ⌫ as shown in Fig. 3 . Both boundary layers have inflection points, the one corresponding to the stationary endwall having much larger axial gradients in ⌫, and so is more susceptible to waves travelling radially along the inflection points following the slightest change ͑increase or decrease͒ in the rotation rate of the bottom and sidewall. At very large Re, we expect that even small changes in ⍀ will result in eruptions out of the stationary endwall boundary layers.
